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Abstract
Let T be a digraph with vertices u1, . . . , ut (t ≥ 2) and letH1, . . . , Ht
be digraphs such that Hi has vertices ui,ji , 1 ≤ ji ≤ ni. Then the com-
position Q = T [H1, . . . , Ht] is a digraph with vertex set {ui,ji : 1 ≤ i ≤
t, 1 ≤ ji ≤ ni} and arc set
A(Q) = ∪ti=1A(Hi)∪{uijiupqp : uiup ∈ A(T ), 1 ≤ ji ≤ ni, 1 ≤ qp ≤ np}.
The composition Q = T [H1, . . . , Ht] is a semicomplete composition if
T is semicomplete, i.e. there is at least one arc between every pair of
vertices. Digraph compositions generalize some families of digraphs,
including (extended) semicomplete digraphs, quasi-transitive digraphs
and lexicographic product digraphs. In particular, strong semicom-
plete compositions form a significant generalization of strong quasi-
transitive digraphs.
In this paper, we study the structural properties of semicomplete
compositions and obtain results on connectivity, paths, cycles, strong
spanning subdigraphs and acyclic spanning subgraphs. Our results
show that this class of digraphs shares some nice properties of quasi-
transitive digraphs.
Keywords: digraph composition; semicomplete composition; con-
nectivity; Hamiltonicity; path-cycle subdigraph; pancyclicity; strong
spanning subdigraph; acyclic spanning subgraph.
AMS subject classification (2020): 05C20, 05C38, 05C40, 05C45,
05C75, 05C76.
1 Introduction
We refer the readers to [2, 9] for graph-theoretical notation and termi-
nology not given here. We use [n] to denote the set of all natural numbers
from 1 to n. Let Kp stand for the digraph of order p with no arcs, and
−→
C k
and
−→
P k denote the cycle and path with k vertices, respectively. We call a
vertex x in a digraph a sink (resp. source) if d+(x) = 0 (resp. d−(x) = 0).
Let D be a digraph. If there is an arc from a vertex x to a vertex y in
D, then we say that x dominates y and denote it by x → y. If there is
∗yuefangsun2013@163.com.
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no arc from x to y we shall use the notation x 6→ y. If A and B are two
subdigraphs of D and every vertex of A dominates each vertex of B, then
we say that A dominates B and denote it by A→ B. We shall use A⇒ B
to denote that A dominates B and there is no arcs from B to A. A digraph
D is triangular with a partition {V0, V1, V2}, if V (D) can be partitioned into
three disjoint sets V0, V1, V2 with V0 ⇒ V1 ⇒ V2 ⇒ V0.
Let {Hu | u ∈ V (D)} be a disjoint collection of digraphs indexed by the
vertices of D. To substitute Hu for every u means to obtain a new digraph
D′ from D by replacing u with Hu such that Hu → Hv in D
′ if and only
if u → v in D. Let H be a subdigraph of D. To shrink H in D means to
obtain a new digraph D′ from D by replacing H with a vertex v so that in
D′ a vertex x 6∈ V (H) dominates (resp. is dominated by) v if and only if D
contains an arc from x to H (resp. from H to x).
A digraph D is connected if U(D) is connected, where U(D) is the under-
lying graph of D. The complementary graph of a graph G is denoted by G.
A strong component of a digraph D is a maximal subset S ⊆ V (D) such that
dD(x, y) is finite for every pair of distinct vertices x, y ∈ S, where dD(x, y)
denotes the length of a shortest path from x to y in D (if there is no such
path dD(x, y) is infinite). An initial (resp. terminal) strong component is
one which has no arcs entering (resp. leaving) it. We call a set S ⊆ V (D) a
separator of D if D−S is not strong. A separator S is minimal if no proper
subset of S is a separator. A digraph is k-strong-connected if every separa-
tor has at least k vertices. A minimum separator is a minimum cardinality
separator. Clearly, a minimum separator is also a minimal separator. A set
S of vertices in a digraph D is independent if D[S] has no arcs.
A digraph is acyclic if it has no dicycle. An out-tree (resp. in-tree)
rooted at a vertex r is an orientation of a tree such that the in-degree (resp.
out-degree) of every vertex but r equals one. An out-branching B+r (resp.
in-branching B−r ) in a digraph D is a spanning subdigraph of D which is
out-tree (resp. in-tree).
A digraph D is pancyclic if D contains a cycle of length k for each
3 ≤ k ≤ n, and is vertex-pancyclic if every vertex of D is contained in a
cycle of length k for each 3 ≤ k ≤ n. A cycle (path) of a digraph D is
Hamiltonian if it contains all the vertices of D. A digraph is Hamiltonian
if it has a Hamiltonian cycle. A k-path-cycle subdigraph F of a digraph D
is a collection of k paths P1, . . . , Pk and t cycles C1, . . . , Ct such that all of
P1, . . . , Pk, C1, . . . , Ct are pairwise disjoint (possibly, k = 0 or t = 0). We
will denote F by F = P1 ∪ · · · ∪ Pk ∪ C1 ∪ · · · ∪ Ct. Furthermore, a k-path-
cycle factor is a spanning k-path-cycle subdigraph. If t = 0, F is a k-path
subdigraph and it is a k-path factor (or just a path-factor) if it is spanning.
If k = 0, we say that F is a t-cycle subdigraph (or just a cycle subdigraph)
and it is a t-cycle factor (or just a cycle factor) if it is spanning. The path
covering number of a digraph D, denoted pc(D), is the smallest k for which
D has a k-path factor. Note that a Hamiltonian path is a 1-path factor.
A digraph D is semicomplete if for every pair x, y of distinct vertices of
D, there is at least one arc between x and y. In particular, a tournament is
a semicomplete digraph without 2-cycle. Let T be a digraph with vertices
u1, . . . , ut (t ≥ 2) and let H1, . . . ,Ht be digraphs such that Hi has vertices
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ui,ji , 1 ≤ ji ≤ ni. Then the composition Q = T [H1, . . . ,Ht] is a digraph
with vertex set {ui,ji : 1 ≤ i ≤ t, 1 ≤ ji ≤ ni} and arc set
A(Q) = ∪ti=1A(Hi) ∪ {uijiupqp : uiup ∈ A(T ), 1 ≤ ji ≤ ni, 1 ≤ qp ≤ np}.
The composition Q = T [H1, . . . ,Ht] is a semicomplete composition if T is
semicomplete. If Q = T [H1, . . . ,Ht] and none of the digraphs H1, . . . ,Ht
has an arc, then Q is an extension of T . For any set Φ of digraphs, Φext
denotes the (infinite) set of all extensions of digraphs in Φ, which are called
extended Φ-digraphs. Two vertices x and y in an extended semicomplete
digraph are said to be similar if x, y ∈ V (Hi) for some i ∈ [t].
The following theorem by Bang-Jensen and Huang gives a complete char-
acterization of quasi-transitive digraphs, and the decomposition below is
called the canonical decomposition of a quasi-transitive digraph.
Theorem 1.1 [6] Let D be a quasi-transitive digraph. Then the following
assertions hold:
(a) If D is not strong, then there exists a transitive oriented graph T with
vertices {ui | i ∈ [t]} and strong quasi-transitive digraphs H1,H2, . . . ,Ht
such that D = T [H1,H2, . . . ,Ht], where Hi is substituted for ui, i ∈ [t].
(b) If D is strong, then there exists a strong semicomplete digraph S with
vertices {vj | j ∈ [s]} and quasi-transitive digraphs Q1, Q2, . . . , Qs such
that Qj is either a vertex or is non-strong and D = S[Q1, Q2, . . . , Qs],
where Qj is substituted for vj , j ∈ [s].
Digraph compositions generalize some families of digraphs, including (ex-
tended) semicomplete digraphs, quasi-transitive digraphs (by Theorem 1.1)
and lexicographic product digraphs (when Hi is the same digraph H for ev-
ery i ∈ [t], Q is the lexicographic product of T and H, see, e.g., [15]). In par-
ticular, strong semicomplete compositions generalize strong quasi-transitive
digraphs. To see that strong semicomplete compositions form a significant
generalization of strong quasi-transitive digraphs, observe that the Hamil-
tonian cycle problem is polynomial-time solvable for quasi-transitive di-
graphs [12], but NP-complete for strong semicomplete compositions (see,
e.g., [4]). While digraph composition has been used since 1990s to study
quasi-transitive digraphs and their generalizations, see, e.g., [6,10], the study
of digraph decompositions in their own right was initiated only recently by
Sun, Gutin and Ai in [18], where some results on the existence of arc-disjoint
strong spanning subdigraphs in digraph compositions and digraph products
were given. After that, Bang-Jensen, Gutin and Yeo [4] characterized all
strong semicomplete compositions with a pair of arc-disjoint strong span-
ning subdigraphs. Recently, Gutin and Sun [14] studied the existence of a
pair (it is called “good pair”) of arc-disjoint in- and out-branchings rooted
at the same vertex in this class of digraphs. Especially, they character-
ized semicomplete compositions with a good pair rooted at the same vertex,
which generalizes the corresponding characterization by Bang-Jensen and
Huang [6] for quasi-transitive digraphs. In [17], Sun studied the topic of
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k-kings on compositions of digraphs. When T is arbitrary, digraph com-
positions with a k-king and digraph compositions all of whose vertices are
k-kings were characterized. When T is semicomplete, he discussed the ex-
istence of 3-kings and 4-kings, and the adjacency between a 3-king and a
non-king.
In this paper, we will continue the research of digraph compositions and
focus on the structural properties of semicomplete compositions. Our results
show that this class of digraphs shares some nice structural properties of
other classes of digraphs, like quasi-transitive digraphs.
In Section 2, connectivity of semicomplete compositionsQ = T [H1, . . . ,Ht]
will be studied. Let T1 be the set of all semicomplete digraphs T satisfy-
ing the following: there is some vertex u such that uv, vu ∈ A(T ) for any
v ∈ V (T ) \ {u}. We will first investigate connectivity of a strong semicom-
plete composition Q with T 6∈ T1 (Theorems 2.2 and 2.3), and examples
show that Theorems 2.2 and 2.3 may not hold when T ∈ T1. Especially,
the structure of a minimal separator in Q will be given (Theorem 2.2). We
then deduce that a strong semicomplete composition Q with at least four
vertices has two distinct vertices v1, v2 such that Q− vi is strong for i ∈ [2]
(Theorem 2.5), which extends a similar result of quasi-transitive digraphs
by Bang-Jensen and Huang [6].
In Section 3, we will focus on the structure of paths in semicomplete com-
positions. Semicomplete compositions which have a Hamiltonian path will
be characterized (Theorem 3.2). In addition, results on k-path subdigraphs
of semicomplete compositions will be given (Theorems 3.6 and 3.7), one of
them extends a similar result by Bang-Jensen, Nielsen and Yeo [8].
In Section 4, we will first give two characterizations (Theorems 4.1 and 4.3)
of Hamiltonian semicomplete compositions which extend the characteriza-
tions of Hamiltonian quasi-transitive digraphs by Bang-Jensen & Huang
[6], and Gutin [12], respectively. Bang-Jensen and Huang [6] used the
similarities between extended semicomplete digraphs and quasi-transitive
digraphs to derive results on pancyclic and vertex-pancyclic Hamiltonian
quasi-transitive digraphs. We will extend their result on the pancyclicity of
quasi-transitive digraphs to semicompete compositions by characterizing all
pancyclic semicomplete compositions (Theorem 4.7).
In Section 5, we will turn attention to strong spanning subdigraphs in
semicomplete compositions. Strong semicomplete compositions which con-
tain a spanning strong semicomplete composition without a 2-cycle will be
characterized (Theorem 5.3). This is a similar result to that of strong quasi-
transitive digraphs by Bang-Jensen and Huang [6]. The smallest strong
spanning subdigraph of a digraph D is defined to be the strong spanning
subdigraph of D with smallest arcs. The goal of Smallest Strong Span-
ning Subdigraph (SSSS) problem is finding a smallest strong spanning
subdigraph of a given strong digraphD. This problem generalizes the Hamil-
tonian cycle problem (and therefore is NP-hard) and has been considered in
the literature, see e.g. [1,7,16]. Especially, Bang-Jensen, Huang and Yeo [7]
deduced that the smallest strong spanning subdigraph of a strong quasi-
transitive digraph D has precisely n + ǫ(D) arcs, where ǫ(D) is defined in
Section 5. We will study the smallest strong spanning subdigraph of strong
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semicomplete compositions by extending this result to strong semicomplete
compositions (Theorem 5.8).
In Section 6, we will give a sufficient condition to guarantee the existence
of an acyclic spanning subdigraph R with a source x and a sink y such that
for each vertex z of Q, R contains an x − z path and a z − y path (Theo-
rem 6.2). Similar results for tournaments and quasi-transitive digraphs were
given by Thomassen [19], and Bang-Jensen and Huang [6], respectively.
2 Connectivity
By the definition of semicomplete compositions, we directly have the
following observation.
Observation 2.1 [17] Let Q = T [H1, . . . ,Ht] be a digraph composition, Q
is strong if and only if T is strong.
Recall that T1 is the set of all semicomplete digraphs T satisfying the
following: there exists a vertex u such that uv, vu ∈ A(T ) for any v ∈ V (T )\
{u}. The following result concerns the structure of a minimal separator in
a strong semicomplete composition Q = T [H1, . . . ,Ht] when T 6∈ T1.
Theorem 2.2 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composition
with T 6∈ T1. Then every minimal separator S of Q induces in U(Q) a
subgraph which consists of some connected components of U(Q). Moreover,
each vertex s ∈ S is adjacent to every vertex of Q− S.
Proof: By Observation 2.1, T is strong. Furthermore, we have t ≥ 3 since
T 6∈ T1. Let S be a minimal separator of Q, we have the following claim:
Claim. Q− S contains vertices from at least two distinct Hi.
Proof of the claim. Suppose that Q−S ⊆ V (Hi) for some i, say i = 1.
Observe that now we have
⋃t
i=2 V (Hi) ⊆ S. Since T 6∈ T1, there exists some
vertex, say u2, such that at least one of u1u2 and u2u1 does not belong to
A(T ). By Observation 2.1, H1∪H2 = Q−(
⋃t
i=3 V (Hi)) is not strong, which
means that
⋃t
i=3 V (Hi) $ S is a separator of Q, a contradiction. Hence, the
claim holds.
Let H ⊆ V (Q) induce a connected component of U(Q). Suppose that
H−S 6= ∅ and H∩S 6= ∅. Let Q′ = Q−(S−H). By the minimality of S, the
definition of semicomplete compositions and the above claim, the subdigraph
Q′ is a strong semicomplete composition with Q′ = T ′[H ′1, . . . ,H
′
t′ ], where T
′
is a strong subgraph of T (by Observation 2.1) with |T ′| = t′ and each H ′i is
a subdigraph of some Hj. Let Q
′′ = Q′− (H ∩S) = Q−S. Observe that Q′′
is also a semicomplete composition. Furthermore, since H−S 6= ∅, Q′′ must
be a composition of the form T ′[H ′′1 , . . . ,H
′′
t′ ] where each H
′′
i is a subdigraph
of some Hj, and hence is also strong by Observation 2.1, contradicting that
S is a separator. Therefore, either H ∩S = ∅ or H ⊆ S, which means that S
induces in U(Q) a subgraph which consists of some connected components
of U(Q).
Let s ∈ S. For any vertex x ∈ Q − S, if x is not in the same Hi as s,
then x and s are adjacent by the definition of a semicomplete composition.
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Otherwise, x and s belong to the same Hi. If x and s are nonadjacent in Q,
then they must be in the same component in U(Q), therefore x ∈ S by the
above argument, this produces a contradiction. ✷
Note that the above result may not hold when T ∈ T1. Consider the fol-
lowing example: let T be a semicomplete digraph such that for each 1 ≤ j ≤
t, u1uj, uju1 ∈ A(T ) and Hi is a cycle of length four: ui,1, ui,2, ui,3, ui,4, ui,1.
Observe that S = {u1,1} ∪ (
⋃t
i=2 V (Hi)) is a minimal separator of Q, and
U(Q) consists of 2t components (each component is an edge). Clearly, the
edge {u1,1, u1,3} is one such component, however, u1,1 ∈ S and u1,3 6∈ S.
We continue to study the connectivity of semicomplete compositions as
follows.
Theorem 2.3 Let Q = T [H1, . . . ,Ht] be a k-strong-connected semicomplete
composition with T 6∈ T1. If V (Hi) induces a connected component of U(Q)
for some i ∈ [t], then deleting all arcs in Hi results in a k-strong-connected
semicomplete composition.
Proof: Without loss of generality, assume that V (H1) induces a connected
component of U(Q). The result clearly holds for the case that H1 has no
arcs, so in the following we assume that H1 has at least one arc. Let Q
′
be the subdigraph of Q by deleting all arcs in H1. Let S be a minimum
separator of Q′, we will show that Q− S is not strong and then the result
holds.
If Q′ − S contains vertices from at least two Hi, say Hi1 , . . . ,Hit′ , then
Q′ − S is a semicomplete composition of the form T ′[H ′i1 , . . . ,H
′
it′
] where
t′ = |T ′| ≥ 2 and each H ′ij is a subdigraph of Hij for j ∈ [t
′]. Furthermore,
Q − S is a semicomplete composition of the form T ′′[H ′′i1 , . . . ,H
′′
it′′
] where
t′′ = |T ′′| ≥ 2 and each H ′′ij is a subdigraph of Hij for j ∈ [t
′′]. Clearly,
T ′′ = T ′. By Observation 2.1, T ′ is not strong and so Q − S is also not
strong.
Otherwise, Q′ − S contains vertices from exactly one Hi. We need the
following claim.
Claim. i 6= 1.
Proof of the claim. If i = 1, then Q′−S = Q′[V (H1)] by the minimality
of S and the fact that Q′[V (H1)] has no arcs. Assume that there exists
some j ∈ [t] \ {1} such that at most one of u1uj, uju1 belongs to A(T ). Let
Q′′ = Q′− (S \{u}) where u ∈ V (Hj). Observe that Q
′′ is not strong and so
S \ {u} is a separator which is a proper subset of S, a contradiction. Hence,
for each j ∈ [t] \ {1}, both u1uj and uju1 belong to A(T ), but now we have
T ∈ T1, this also produces a contradiction.
By the above claim, we have V (H1) ⊆ S, and then Q − S = Q
′ − S (is
not strong). This completes the proof. ✷
Note that Theorem 2.3 may not hold if T ∈ T1. Consider the following
example: let T be a 2-cycle, and Hi be a 2k-cycle for each 1 ≤ i ≤ 2, where
k ≥ 3. Clearly, T ∈ T1. Observe that each V (Hi) induces a connected
component in U(Q) for 1 ≤ i ≤ 2. Indeed, each such component consists of
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two vertex-disjoint cliques of size k and edges between them. Let Q′ be the
subdigraph of Q by deleting all arcs in H1. It can be checked that V (H2) is
a separator of size k in Q′. However, there is no separator of size k in Q′.
Hence, Q is (k+1)-strong-connected, but Q′ is not (k+1)-strong-connected.
The following result on strong quasi-transitive digraphs was given by
Bang-Jensen and Huang.
Theorem 2.4 [6] Every strong quasi-transitive digraph D with at least four
vertices has two distinct vertices v1, v2 such that D− vi is strong for i ∈ [2].
We extend Theorem 2.4 to strong semicomplete compositions.
Theorem 2.5 Every strong semicomplete composition Q = T [H1, . . . ,Ht]
with at least four vertices has two distinct vertices v1, v2 such that Q− vi is
strong for i ∈ [2].
Proof: Let Q = T [H1, . . . ,Ht] be a strong semicomplete composition. For
the case that 2 ≤ t ≤ 3, since Q has at least four vertices, we clearly have
that there exists one Hi with at least two vertices, say v1 and v2. For
each i ∈ [2], the digraph Q− vi is a semicomplete composition of the form
T ′[H ′1, . . . ,H
′
t] where T
′ = T . Hence, by Observation 2.1, Q− vi is strong.
Now we consider the case that t ≥ 4. If each Hi is trivial, then Q = T
is a semicomplete digraph and the result holds by Theorem 2.4. Otherwise,
there exists one Hi with at least two vertices, then with a similar argument
to that of the above paragraph, the result holds. ✷
3 Paths
3.1 Hamiltonian paths
Gutin proved the following result on Hamiltonian paths and cycles of
extended semicomplete digraphs.
Theorem 3.1 [3] An extended semicomplete digraph has a Hamiltonian
path (resp. cycle) if and only if it has a 1-path-cycle factor (resp. it is
strong and has a cycle factor).
By the above theorem, we can characterize semicomplete compositions
which have a Hamiltonian path.
Theorem 3.2 Let Q = T [H1, . . . ,Ht] be a semicomplete composition. Then
Q has a Hamiltonian path if and only if it has a 1-path-cycle factor F =
P ∪ C1 ∪ · · · ∪ Ck (k ≥ 0) such that neither V (P ) nor V (Ci) is completely
contained in a connected component of U(Q).
Proof: Suppose that Q has a 1-path-cycle factor F = P ∪C1∪· · ·∪Ck (k ≥
0), such that neither V (P ) nor V (Ci) is completely contained in a connected
component of U(Q). Let V1, V2, . . . , Vr be the partition of Q such that each
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Vi induces a connected component of U(Q). Observe that r ≥ 2 by the
definition of a semicomplete composition. We obtain a digraph Q′ from Q
as follows: Shrink each maximal subpath of P and Ci (for each 1 ≤ i ≤ k)
which is completely contained in some Q[Vj], that is, each such subpath is
a vertex of Q′; delete all arcs which are still in Q[Vj ]. It can be checked
that Q′ is an extended semicomplete digraph and has a 1-path-cycle factor.
By Theorem 3.1, Q′ has a Hamiltonian path which can be transformed to a
Hamiltonian path of Q. The other direction is clearly true. ✷
3.2 Path subdigraphs
The following structural characterization of longest cycles in extended
semicomplete digraphs was extensively used.
Theorem 3.3 [7] Let Q = T [Kn1 , . . . ,Knt ] be a strong extended semicom-
plete digraph. For i ∈ [t], let mi denote the maximum number of vertices
from Kni which can be covered by a cycle subdigraph of Q. Then every
longest cycle of Q contains precisely mi vertices from Kni for each i ∈ [t].
Bang-Jensen et al. proved a similar result for k-path subdigraphs in an
extended semicomplete digraph.
Theorem 3.4 [8] Let Q = T [Kn1 , . . . ,Knt ] be an extended semicomplete
digraph and let ℓi,k denote the maximum number of vertices of Kni that
can be covered by a k-path subdigraph in Q. Then every maximum k-path
subdigraph in Q covers exactly ℓi,k vertices of Kni for each i ∈ [t].
By Theorem 3.4, Bang-Jensen et al. got the following result on a strong
semicomplete composition when each Hi is either a single vertex or a non-
strong quasi-transitive digraph.
Theorem 3.5 [8] Let Q = T [H1, . . . ,Ht] be a strong semicomplete compo-
sition with order n, where each Hi is either a single vertex or a non-strong
quasi-transitive digraph. For every k ∈ [n] and i ∈ [t], there exists an
integer ni,k such that every maximum k-path subdigraph F of Q satisfies
|V (Hi) ∩ V (F)| = ni,k and no k-path subdigraph of Q contains more than
ni,k vertices of Hi.
We extend Theorem 3.5 to all strong semicomplete compositions.
Theorem 3.6 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composition
with order n. For every k ∈ [n] and i ∈ [t], there exists an integer ni,k such
that every maximum k-path subdigraph F of Q satisfies |V (Hi)∩V (F)| = ni,k
and no k-path subdigraph of Q contains more than ni,k vertices of Hi.
Proof: Let Q′ = T [Kn1 , . . . ,Knt ] be the corresponding extended semicom-
plete digraphs of Q. By Observation 2.1, T is strong and so Q′ is a strong
extended semicomplete digraph. For each i ∈ [t], let ℓi,k be the maximum
number of vertices of Kni that can be covered by a k-path subdigraph in
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Q′; moreover, let ni,k be the maximum number of vertices in an ℓi,k-path
subdigraph in Hi. By Theorem 3.4, there exists a k-path subdigraph F
′ in
Q′ containing exactly ℓi,k vertices from Kni for each i ∈ [t]. Now we obtain
a k-path subdigraph F in Q from F ′ by replacing each of the ℓi,k vertices of
Kni by a path from an ℓi,k-path subdigraph of Hi which covers ni,k vertices.
Furthermore, we claim that no k-path subdigraph in Q can include more
than ni,k vertices from Hi. Indeed, if there is such a k-path subdigraph, say
F0, in Q, then F0 must visit Hi ℓ
′
i,k (> ℓi,k) times, that is, there are ℓ
′
i,k
disjoint paths in Hi such that each such path is a subpath of an element of
F0. Now we can obtain a k-path subdigraph, say F
′
0, from F0 by shrinking
all subpaths of F0 contained in Hj for each j ∈ [t]. Since all vertices in the
same Hi are similar, we could see F
′
0 as a k-path subdigraph of Q
′ which
visits Kni ℓ
′
i,k (> ℓi,k) times, this produces a contradiction. Therefore, the
conclusion holds. ✷
The argument for Theorem 3.6 also means that Theorem 3.4 holds for a
strong semicomplete composition. Note that the number ℓi,k in Theorem 3.7
is exactly ni,k of Theorem 3.6.
Theorem 3.7 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composition
and let ℓi,k denote the maximum number of vertices of Hi that can be covered
by a k-path subdigraph in Q. Then every maximum k-path subdigraph in Q
covers exactly ℓi,k vertices of Hi for each i ∈ [t].
4 Cycles
4.1 Hamiltonian cycles
With a similar argument to that of Theorem 3.2, we provide the first
characterization of Hamiltonian semicomplete compositions which extends
a characterization of Hamiltonian quasi-transitive digraphs given by Bang-
Jensen and Huang [6].
Theorem 4.1 Let Q = T [H1, . . . ,Ht] be a semicomplete composition. Then
Q has a Hamiltonian cycle if and only if it is strong and contains a cycle
factor F = C1 ∪ · · · ∪ Ck, such that no V (Ci) is completely contained in a
connected component of U(Q).
Gutin obtained the following result on long cycles in strong extended
semicomplete digraphs.
Theorem 4.2 [11] Let D be a strong extended semicomplete digraph and
let F be a cycle subdigraph of D. Then D has a cycle C which contains all
vertices of F . In particular, if V (F) is maximum, then V (C) = V (F) and
C is a longest cycle of D.
We now extend a characterization of Hamiltonian quasi-transitive di-
graphs which is given by Gutin [12] to strong semicomplete compositions,
and provide the second characterization of Hamiltonian semicomplete com-
positions.
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Theorem 4.3 Let Q = T [H1, . . . ,Ht] be a strong semicomplete composi-
tion. Then Q has a Hamiltonian cycle if and only if the extended semicom-
plete digraph Q′ = T [Kn1 , . . . ,Knt] has a cycle subdigraph which covers at
least pc(Hi) vertices of Kni for every i ∈ [t].
Proof: Suppose that Q has a Hamiltonian cycle C. For each i ∈ [t], the
subdigraph V (Hi)∩C is a ki-path factor, denoted by Fi, of Hi, where ki is
a positive integer. Observe that ki ≥ pc(Hi) by the definition of the path
covering number. We can transform C into a cycle of Q′ which covers at
least pc(Hi) vertices of Kni for every i ∈ [t], by the following operations: For
each i ∈ [t], delete the arcs between end-vertices of all paths in Fi except
for the paths themselves and then shrink all paths in Fi.
Now we suppose that Q′ has a cycle subdigraph F ′ containing ki(≥
pc(Hi)) vertices of Kni for every i ∈ [t]. By Observation 2.1 and the as-
sumption that Q is strong, Q′ is strong and hence has a cycle C ′ such that
V (C ′) = V (F ′) by Theorem 4.2. Observe that Hi has a ki-path factor Fi.
We can obtain a Hamiltonian cycle in Q by replacing the ki vertices of Kni
in C ′ with the paths of Fi for each i ∈ [t]. ✷
4.2 Pancyclicity
Gutin characterized extended semicomplete digraphs which are pancyclic.
Theorem 4.4 [13] Let D be a Hamiltonian extended semicomplete digraph
on n ≥ 4 vertices such that U(D) has k ≥ 3 connected components. Then D
is pancyclic if and only if D is not triangular with a partition {V0, V1, V2},
two of which induce independent sets, such that either |V0| = |V1| = |V2| or
no D[Vi] (i = 0, 1, 2) contains a path of length 2.
The next two lemmas by Bang-Jensen and Huang concern cycles in tri-
angular digraphs.
Lemma 4.5 [6] Suppose that D is a Hamiltonian triangular digraph with
a partition {V0, V1, V2}. If D[V1] contains an arc xy and D[V2] contains
an arc uv, then every vertex of V0 ∪ {x, y, u, v} is on cycles of lengths
3, 4, . . . , |V (D)|.
Lemma 4.6 [6] Suppose that D is a triangular digraph with a partition
{V0, V1, V2} and has a Hamiltonian cycle C. If D[V0] contains an arc of C
and a path P of length 2, then every vertex of V1 ∪ V2 ∪ V (P ) is on cycles
of lengths 3, 4, . . . , |V (D)|.
By Theorem 4.4, Lemmas 4.5 and 4.6, we get the following result on
pancyclicity of semicomplete compositions, and this extends a similar result
for quasi-transitive digraphs by Bang-Jensen and Huang [6].
Theorem 4.7 Let Q = T [H1, . . . ,Ht] be a Hamiltonian semicomplete com-
position on n ≥ 4 vertices. Then Q is pancyclic if and only if it is not
triangular with a partition {V0, V1, V2}, two of which induce independent
sets, such that either |V0| = |V1| = |V2|, or no Q[Vi] (i = 0, 1, 2) contains a
path of length 2.
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Proof: We first prove the necessity of the theorem. Suppose that Q is
triangular with a partition {V0, V1, V2}, two of which induce independent
sets. If |V0| = |V1| = |V2|, then Q contains no cycle of length n − 1. If no
Q[Vi] (i = 0, 1, 2) contains a path of length 2, then Q contains no cycle of
length 5.
We next prove the sufficiency of the theorem. Let C be a Hamiltonian
cycle of Q. We obtain an extended semicomplete digraph Q′ from Q as
follows: For each i ∈ [t], shrink each subpath of C which is contained in
Hi, and then delete the remaining arcs (if exist) of Hi. Observe that in this
process C is transformed to a Hamiltonian cycle C ′ of Q′.
Suppose Q is not pancyclic. It is not difficult to see that Q′ is not
pancyclic. Now Q′ is triangular with a partition {V ′0 , V
′
1 , V
′
2} by Theorem 4.4.
For each i = 0, 1, 2, let Vi ⊆ V (Q) be obtained from V
′
i by substituting back
all vertices on shrunk subpaths of C. Then Q is triangular with partition
{V0, V1, V2}, moreover, each Q[Vi] is covered by ℓ disjoint subpaths of C for
some ℓ.
By Lemma 4.5, two elements of {V0, V1, V2}, say V1 and V2, induce in-
dependent sets in Q (Indeed, suppose that V1 and V2 are not independent,
then both of them contain at least one arc. By Lemma 4.5, every vertex of
V0 ∪ {x, y, u, v} is on cycles of lengths 3, 4, . . . , |V (Q)|, but this means that
Q is pancyclic, a contradiction). If V0 is not independent and |V0| > |V1|,
then Q[V0] contains an arc of C. By Lemma 4.6, there is no path of length
2 in Q[V0]. This completes the proof. ✷
5 Strong spanning subdigraphs
In this section, we concern strong spanning subdigraphs without a 2-cycle
and smallest spanning subdigraphs in a semicomplete composition.
5.1 Strong spanning subdigraphs without a 2-cycle
The following result on strong semicomplete digraphs can be found in
the literature, see e.g. Proposition 2.2.8 of [5].
Theorem 5.1 Every strong semicomplete digraph on n ≥ 3 vertices con-
tains a strong spanning tournament.
Theorem 5.1 means that every strong semicomplete digraph on n ≥ 3
vertices contains a strong spanning semicomplete digraph without a 2-cycle.
Bang-Jensen and Huang obtained a similar result for strong quasi-transitive
digraphs.
Theorem 5.2 [6] Every strong quasi-transitive digraph contains a strong
spanning quasi-transitive digraph without a 2-cycle.
We get a similar result to Theorem 5.2 for strong semicomplete compo-
sitions.
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Theorem 5.3 A strong semicomplete composition Q = T [H1, . . . ,Ht] con-
tains a strong spanning semicomplete composition without a 2-cycle if and
only if t ≥ 3.
Proof: Let Q = T [H1, . . . ,Ht] be a strong semicomplete composition. If
t = 2, then T is a 2-cycle by Observation 2.1. Hence, any spanning strong
semicomplete composition without 2-cycle contained in Q must be of the
form Q′ = T ′[H ′1,H
′
2], where T
′ is a spanning subdigraph of T with T ′ 6= T
and each H ′i is a spanning subdigraph of Hi for 1 ≤ i ≤ 2. However, it is
impossible, since now T ′ is not strong by Observation 2.1.
For the case that t ≥ 3, by Observation 2.1, T is strong and there-
fore contains a strong spanning tournament T ′ with order t ≥ 3 by Theo-
rem 5.1. Furthermore, by Observation 2.1, the semicomplete composition
Q′ = T ′[H ′1, . . . ,H
′
t] is a strong spanning subdigraph of Q and has no 2-
cycle, where H ′i is obtained from Hi by deleting all arcs for each 1 ≤ i ≤ t.
Hence, Q contains a spanning strong semicomplete composition without a
2-cycle if and only if t ≥ 3. ✷
5.2 Smallest strong spanning subdigraph
An ear decomposition of a digraphD is a sequence P = (P0, P1, P2, · · · , Pt),
where P0 is a cycle or a vertex and each Pi is a path or a cycle with the
following properties:
(a) Pi and Pj are arc-disjoint when i 6= j.
(b) For each i = 0, 1, 2, · · · , t: let Di denote the digraph with vertices⋃i
j=0 V (Pj) and arcs
⋃i
j=0A(Pj). If Pi is a cycle, then it has precisely
one vertex in common with V (Di−1). Otherwise the end vertices of Pi are
distinct vertices of V (Di−1) and no other vertex of Pi belongs to V (Di−1).
(c)
⋃t
j=0A(Pj) = A(D).
The following result is well-known, see e.g., [2].
Theorem 5.4 Let D be a digraph with at least two vertices. Then D is
strong if and only if it has an ear decomposition. Furthermore, if D is strong,
every cycle can be used as a starting cycle P0 for an ear decomposition of
D.an ear decomposition.
For a digraph D and a natural number k, let Hk(D) denote a digraph
obtained from D as follows: add two sets of k new vertices x1, x2, . . . , xk,
y1, y2, . . . , yk; add all possible arcs from V (D) to xi along with all possible
arcs from yi to V (D), i ∈ [k]; add all arcs of the kind xiyj, i, j ∈ [k].
Clearly, H0(D) = D. Let D be a strong connected digraph and let ǫ(D) be
the smallest k ≥ 0 such that Hk(D) is Hamiltonian. Observe that
ǫ(D) =
{
0, D is Hamiltonian;
pc(D), Otherwise.
Bang-Jensen, Huang and Yeo obtained the following result on the small-
est strong spanning subdigraph of a strong quasi-transitive digraph.
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Theorem 5.5 [7] The smallest strong spanning subdigraph of a strong
quasi-transitive digraph D has precisely n+ ǫ(D) arcs.
In the argument of Theorem 5.5, the authors used the following two
lemmas which will also be used in our theorem below.
Lemma 5.6 [7] If D is an acyclic extended semicomplete digraph, then
pc(D) = max{|I| | I is an independent set in D}. Furthermore, starting
from D, one can obtain a path covering with pc(D) paths by removing the
vertices of a longest path pc(D) times.
Lemma 5.7 [7] Let D be a strong extended semicomplete digraph and let
C be a longest cycle in D. Then D − V (C) is acyclic.
We now extend Theorem 5.5 to strong semicomplete compositions.
Theorem 5.8 The smallest strong spanning subdigraph of a strong semi-
complete composition Q = T [H1, . . . ,Ht] has precisely n+ ǫ(Q) arcs.
Proof: We first prove the following claim.
Claim 1. Every strong spanning subdigraph of Q has at least n+ ǫ(Q)
arcs.
Proof of Claim 1. Let Q′ be a strong spanning subdigraph of Q with
n+ k arcs such that no proper subdigraph of Q′ is spanning and strong. By
Theorem 5.4, Q′ can be decomposed into a cycle P0 and k paths or cycles
P1, . . . , Pk (each Pi has length at least two by the minimality assumption
on Q′) with the following properties:
(a) Pi and Pj are arc-disjoint when i 6= j.
(b) For each i = 0, 1, 2, . . . , k, let Qi denote the digraph with vertices⋃i
j=0 V (Pj) and arcs
⋃i
j=0A(Pj). If Pi is a cycle, then it has precisely
one vertex in common with V (Qi−1); otherwise, the end vertices of Pi are
distinct vertices of V (Qi−1) and no other vertex of Pi belongs to V (Qi−1).
(c)
⋃k
j=0A(Pj) = A(Q
′). Furthermore, this decomposition can be started
with P0 as any cycle in Q
′. It follows that we may choose P0 such that
V (P0) 6⊆ V (Hi) for i ∈ [t].
Now Hk(D) has a cycle factor consisting of P0 and k cycles of the form
Ck = yiP
′
ixiyi, where i ∈ [k] and P
′
i is the path one obtains from Pi by
removing the vertices it has in common with V (Qi−1). Observe that Hk(D)
is also a semicomplete composition and no element of {P0, Ci | i ∈ [k]}
is completely contained in a connected component of U(Hk(D)). Then by
Theorem 4.1, Hk(D) has a Hamiltonian cycle and so ǫ(Q) ≤ k. Therefore,
every strong spanning subdigraph of Q has at least n + ǫ(Q) arcs. This
completes the proof of the claim.
If Q is Hamiltonian, then any Hamiltonian cycle is the smallest strong
spanning subdigraph of Q has precisely n+ ǫ(Q) = n arcs. In the following,
we assume that Q is not Hamiltonian.
Let Q0 = T [Kn1 , . . . ,Knt ] be an extended semicomplete digraph which
is obtained from Q by deleting all arcs inside Hi for each i ∈ [t]. By Theo-
rem 4.3, Q0 has no cycle subdigraph which covers at least pc(Hi) vertices of
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Kni for every i ∈ [t]. For each i ∈ [t], let mi denote the maximum number
of vertices from Kni which can be covered by a cycle subdigraph of Q0.
By Theorem 3.3, every longest cycle C of Q0 contains precisely mi vertices
from Kni for each i ∈ [t]. Observe that pc(Hi) ≥ mi for each i ∈ [t]. Let
k = max{pc(Hi)−mi | i ∈ [t]}.
Let Q′0 = T [Km′1 , . . . ,Km′t ] with V (Km′i) = {xi,ji | ji ∈ [m
′
i]} be an
extended semicomplete subdigraph of Q0, where m
′
i = max{pc(Hi),mi} for
i ∈ [t]. Since vertices inside an independent set of an extended semicomplete
subdigraph are similar, we may think of C as a longest cycle in Q′0, that is, C
contains precisely mi vertices from Km′
i
for i ∈ [t]. By Lemmas 5.6 and 5.7,
Q′0 − V (C) can be covered by k paths, say P
′
1, . . . , P
′
k. Since Q
′
0 − V (C)
is acyclic, we may assume (by Lemma 5.6) that P ′i starts at a vertex x
and ends at a vertex y such that x has in-degree zero and y has out-degree
zero in Q′0 − V (C). Now in Q
′
0 there exists two vertices z, z
′ such that
zx, yz′ ∈ A(Q′0), and we can add P
′
1 to C by adding the arcs zx, yz
′. Then
we obtain a strong spanning subdigraph Q′′0 of Q
′
0 with |V (Q
′
0)|+ k arcs by
induction on k that adding P ′2, . . . , P
′
k one by one, using two new arcs each
time.
Recall that m′i = max{pc(Hi),mi}, we have m
′
i ≥ pc(Hi). By the defini-
tion of the path covering number, for each i ∈ [t], Hi has a set of m
′
i disjoint
paths, say Pi,ji (ji ∈ [m
′
i]), which cover all vertices of Hi. Now we obtain
a strong spanning subdigraph Q′ of Q by replacing xi,ji in Q
′′
0 by the path
Pi,ji for each i ∈ [t], ji ∈ [m
′
i]. Furthermore, we have
|A(Q′)| =
t∑
i=1
(|V (Hi)| −m
′
i) + (|V (Q
′
0)|+ k)
= (n− |V (Q′0)|) + (|V (Q
′
0)|+ k)
= n+ k.
To finish our argument, we still need the following claim.
Claim 2. ǫ(Q) ≥ k.
Proof of Claim 2. Suppose that ǫ(Q) < k. By the definition of ǫ(Q),
Hǫ(Q)(Q) = T
′[H1, . . . ,Ht,Kǫ(Q),Kǫ(Q)] has a Hamiltonian cycle C, where
T ′ is obtained from T by adding two new vertices ut+1, ut+2 such that
ut+1ut+2 is an arc and ut+1 is dominated by all vertices of T and ut+2
dominates all vertices of T . Let H ′
ǫ(Q)(Q) be a subdigraph of Hǫ(Q)(Q) by
the following operations: shrink each subpath of C which lies entirely inside
some Hi (the resulting cycle is denoted by C
′), and delete all remaining arcs
(if exist) inside each Hi. Observe that H
′
ǫ(Q)(Q) must be a semicomplete
composition such thatH ′
ǫ(Q)(Q) = T
′[Ka1 , . . . ,Kat ,Kǫ(Q),Kǫ(Q)], moreover,
ni ≥ ai ≥ pc(Hi) for each i ∈ [t] and C
′ is a Hamiltonian cycle in H ′
ǫ(Q)(Q).
Let {xi | i ∈ [ǫ(Q)]} and {yi | i ∈ [ǫ(Q)]} be the vertices of Hǫ(Q)(Q)
corresponding to ut+1 and ut+2, respectively. Now by removing all vertices of
{xi, yi | i ∈ [ǫ(Q)]}, we can obtain a set of ǫ(Q) disjoint paths, P1, . . . , Pǫ(Q),
covering all vertices in H ′′
ǫ(Q)(Q) = T [Ka1 , . . . ,Kat ] since all arcs leaving xi
go to {yi | i ∈ [ǫ(Q)]}. Recall that Q0 = T [Kn1 , . . . ,Knt] is an extended
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semicomplete digraph which is obtained from Q by deleting all arcs inside
each Hi for i ∈ [t]. Since all vertices in the same independent set of an
extended semicomplete digraph are similar, we can assume that Pi is a path
in Q0 for each i ∈ [ǫ(Q)]. Then F = P1 ∪ · · · ∪ Pǫ(Q) is an ǫ(Q)-path
subdigraph of Q0 which covers ai vertices of Kni in Q0 for each i ∈ [ǫ(Q)].
Let i0 be chosen such that k = pc(Hi0)−mi0 . Recall that ǫ(Q) < k and
ai ≥ pc(Hi) for each i ∈ [t]. We directly have ai0 ≥ pc(Hi0) = k + mi0 >
ǫ(Q) +mi0 and so ai0 > ǫ(Q), which means that some path Pj in F (there
maybe more than one such path) contains at least two vertices ofKni0 in Q0.
Let Pj = z1, . . . , zp, and za, zb are similar where a < b. Observe that Cj =
za+1, . . . , zb−1, zb, za+1 is a cycle and zazb+1 ∈ A(Q0) when b < p. Moreover,
we can replace Pj by the cycle Cj and a path P
′
j = Pj [z1, za]Pj [zb+1zp] since
V (Pj) = V (Cj) ∪ P
′
j . Now we obtain a cycle subgraph of Q0 by continuing
the above process (replacing paths in F which contains at least two vertices
of Kni0 in Q0 by a cycle and a path) until every path in F contains at most
one vertex from Kni0 in Q0. However, this cycle subdigraph covers at least
ai0 − ǫ(Q) > mi0 vertices of Q0, which contradicts the definition of mi0 .
Therefore, we have ǫ(Q) ≥ k.
By Claims 1 and 2, Q′ is the smallest strong spanning subdigraph of Q
and has precisely n+ ǫ(Q) arcs. This completes the proof. ✷
6 Acyclic spanning subdigraphs
We now turn attention to the existence of prescribed acyclic spanning
subdigraphs in a semicomplete composition.
The following result can be found in the literature, see e.g. Theorem 2.2.9
of [5].
Theorem 6.1 Every strong semicomplete digraph is vertex-pancyclic.
It is well known that a tournament T contains an x−y Hamiltonian path if
and only if there is an acyclic spanning subgraph R (not necessarily induced)
such that for each vertex z of T , R contains an x−z path and a z−y path [19].
Bang-Jensen and Huang [6] proved that if a quasi-transitive digraph has
both in- and out-branchings then it always contains such an acyclic spanning
subdigraph. For semicomplete compositions, we give the following sufficient
condition to guarantee the existence of this type of subdigraph.
Theorem 6.2 Let Q = T [H1, . . . ,Ht] be a semicomplete composition. Then
it contains an acyclic spanning subdigraph R with a source x and a sink y
such that for each vertex z of Q, R contains an x− z path and a z− y path,
if one of the following assertions holds:
(a) Q is non-strong and has both in- and out-branchings.
(b) Q is strong with |V (Hi)| ≥ 2 for each i ∈ [t].
Proof: We first assume that (a) holds. Let Q have an out-branching, say
B+x , rooted at x and an in-branching, B
−
y , rooted at y, then Q has precisely
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one initial strong component, say Q′, and precisely one strong terminal
component, say Q′′. Furthermore, we must have x ∈ V (Q′) and y ∈ V (Q′′).
By the definition of a semicomplete composition, Q′ (Q′′) is a subdigraph of
some Hi when Q
′ (Q′′) contains vertices from only one Hi, or is the union
of some Hi when Q
′ (Q′′) contains vertices from at least two His.
We just consider the case that Q′ is a subdigraph of H1, and Q
′′ =⋃t
i=sHi since the other cases are similar. Since Q
′ (resp. Q′′) is the
unique strong initial (resp. terminal) strong component, we have V (H1)⇒⋃s−1
i=2 Hi ⇒
⋃t
i=sHi. Let B
′+
x be the subdigraph of B
+
x induced by V (H1),
it is not hard to see that B′+x is an out-branching of H1 rooted at x. Since
Q′′ is strong, it has an in-branching B′−y rooted at y. We now construct a
subdigraph R of Q from B′+x and B
′−
y by adding all arcs from V (H1) to v
and all arcs from v to V (Q′′) for each v ∈
⋃s−1
i=2 V (Hi) (if
⋃s−1
i=2 V (Hi) = ∅,
then we just add all arcs from V (H1) to V (Q
′′)). It can be checked that R
is the desired acyclic spanning subdigraph.
We next assume that (b) holds. By Observation 2.1, T is strong. Fur-
thermore, T has a Hamiltonian cycle C : u1, u2, . . . , ut, u1 by Theorem 6.1.
If t ≥ 3, we construct a digraph R from C as follows: For each i ∈
[t], substitute a copy of Hi for ui and then delete all arcs inside Hi. Let
x ∈ V (H1) and y ∈ V (H2); delete all arcs from V (Ht) to x, all arcs from
V (H1) \ {x} to V (H2) \ {y} and all arcs from y to V (H3). It is not hard to
check that R is an acyclic spanning subdigraph of Q satisfying the desired
properties.
For the case that t = 2, we construct a digraph R from C as follows: For
each i ∈ [2], substitute a copy of Hi for ui and then delete all arcs inside
Hi. Let x ∈ V (H1) and y ∈ V (H2); delete all arcs from V (H1) \ {x} to
V (H2) \ {y}, from V (H2) to x, and all arcs from y to V (H1). Observe that
R is the desired acyclic spanning subdigraph of Q. ✷
Recall that we use the Hamiltonicity of a strong semicomplete digraph
in the proof for the case that Q is strong with |V (Hi)| ≥ 2 for each i ∈ [t] in
Theorem 6.2. In fact, the proof also means that the following more general
result holds.
Theorem 6.3 Let Q = T [H1, . . . ,Ht] be a digraph composition. If T is
Hamiltonian and |V (Hi)| ≥ 2 for each i ∈ [t], then Q contains an acyclic
spanning subdigraph R with a source x and a sink y such that for each vertex
z of Q, R contains an x− z path and a z − y path.
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